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which in turn confirms the orthogonality, viz. BA = 0. As can be
seen from Eq. (11), the above null-space transformation results in
a band matrix A whose expression is simpler in appearance to that
given in Eq. (5). Similar to Eq. (4), Eq. (11) is thus capable of
nullifying the new Jacobian matrix B on an orthogonal basis while
simultaneously generating a new set of independent variables £w
after the null-space transformation. To eliminate the new Jacobian
matrix B in Eq. (9), Eq. (9) is premultiplied with the transpose of
matrix A:

= ATF - (12)

which resembles the A-free differential equation (6) derived in the
previous section, except that an additional variable transformation
is conducted herein. Unlike the matrix product ATMA in Eq. (6),
ATMA appearing in Eq. (12) can be expressed in a closed form as
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where the submatrices ra/; can be described with the aid of indicial
notation given below:

On-Diagonal:
1+1
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k=i
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Off-Diagonal:
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(14)
Due to the simple format of the band matrix, an inyerse successive

displacement scheme5'6 can be applied to determine f ̂  in integrating
Eq. (12) for simulation, which only demands a successive inversion
of the 3x3 submatrices on the diagonal. As a result, only 6n matrix
operations are needed for the determination of the cofactors in this
successive inverse process, while | rc(3rc + 1) operations are deemed
necessary for the inversion of a 3n x 3n matrix given by Eq. (6).
As such, significant time saving is achievable for the simulation
of the MBD system in conjunction with the use of the band mass
matrix resulting from an..alternative variable transformation. Once
the updated solution of £w is obtained from Eq. (12), the original
acceleration variables can then be determined through the use of
Eqs. (7) and (11).

IV. Conclusions
An alternative variable transformation has been proposed and

analyzed for the simulation of multibody dynamic systems. The

alternative variable transformation can be used by incorporating a
modified null-space method to transform the mass matrix of multi-
body dynamic equations into a closed-form band fashion, which
results in an efficient computation for the acceleration variables
during integration. An alternative variable transformation matrix
has been developed to work directly with the multibody equations
of motion without altering the inherent dynamic characteristics, and
it eliminates the need for expensive computation of inversion of a
large mass matrix which is required for the simulation of multi-
body dynamic systems. An articulated multibody model has been
selected for an analytical derivation, in which it has shown that the
computation can be saved (3n + 1/4)-fold due to the computational
merits associated with the band matrix.
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Trajectory Optimization Using
Parallel Shooting Method

on Parallel Computer
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Introduction

T RAJECTORY optimization problems arise frequently in the
design of modern guidance and control systems. A variety of

techniques are currently available for the solution of trajectory op-
timization problems.1"3 They include shooting methods, gradient-
based methods, and methods using nonlinear programming. This
Note considers the family of shooting methods that are used when
a high-accuracy solution is required. In shooting methods, the un-
known conditions are estimated, and the differential equations are
integrated. The initial estimates are then iteratively corrected using
Newton's method.
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Difficulties can arise when using the shooting method. If the
differential equations are unstable or very stiff, they will be very
sensitive to the initial conditions. Consequently, very good initial
estimates are required to start the method. Otherwise the forward
integration can overflow, or the Jacobian matrix used in computing
the corrections can be very ill-conditioned. Unfortunately, very good
initial estimates are often difficult to obtain without prior knowledge
of the solution. This difficulty can be alleviated by using the multi-
ple shooting method. In this method, the original interval is divided
up into m (not necessarily equal) subintervals. This decreases the
sensitivity of the problem to the initial conditions as the integra-
tion is performed over shorter intervals. The concept of the multiple
shooting method is readily adapted to parallel processing.

Reference 4 discusses the implementation of the parallel shooting
method on a parallel computer with a hypercube architecture. The
paper develops formulas for timing and efficiency estimates, but
no actual examples are presented. The implementation of nonlinear
programming techniques on a parallel computer is discussed in Refs.
5 and 6. Speedup factors in excess of 10 have been reported on
specific problems. Reference 7 introduces a quasilinearization al-
gorithm that is well suited for parallel implementation. A parallel
scheme using the method of particular solutions is presented in
Ref. 8.

Parallel Shooting
The parallel shooting method is simply a parallel implementation

of the multiple shooting method. The parallel shooting method can
be implemented as follows:

1) Commit one processor to a group of subintervals. Estimate all
free parameters.

2) Each processor integrates independently across its subinter-
vals. All processors including processor 0 pass on the computed
state/costate values to a driver program handled by processor 0.

3) Each processor then independently integrates the differential
equations across its intervals and computes the corresponding blocks
of the Jacobian matrix and sends it to the driver program.

4) The driver program receives the blocks of the Jacobian ma-
trix and forms them into one total Jacobian matrix. It then solves
the linear set of equations for the corrections to the free param-
eters. A step size control algorithm is used to guarantee that the
error in constraint satisfaction decreases from one iteration to the
next.

5) The driver program passes sections of the corrections to the
corresponding processors.

6) Return to step 2 and iterate until convergence.

Implementation Specifics
The parallel shooting algorithm was implemented on an rcCUBE

6400 series parallel computer. It is a 64-processor, multiple-
instruction, multiple-data-stream (MIMD) machine. The front end
(host), which is essentially the user interface and file storage system,
is a Sun Spare workstation. Of the 64 processors, which are often
referred to as nodes, 32 have 1 MB of memory each and the rest
4 MB each. There is no shared memory. Each processor has an av-
erage speed of 4 MIPS, with peak rate of 7.5 MIPS. Floating-point
operations are performed at 2.5 MFLOPS.

The ft CUBE utilizes a hypercube architecture. With the hyper-
cube architecture, a process can be allocated a number of nodes
equal to 2k. Each node is linked directly with k other nodes. Thus,
if A; = 3, 8 nodes are allocated. Each of the nodes is linked di-
rectly to three other nodes. This can be pictured graphically as a
cube.

The parallel shooting code uses the single-program, multiple-
data model. In this model, the same program runs on all nodes.
This is convenient for the parallel shooting method because each
node performs essentially the same operations. The additional pro-
cedure for node 0 is handled by using a driver program that manages
the nCUBE system. The driver program then simply calls the par-
allel shooting code based upon the node on which it is running.
All node-specific tasks, mainly communication and integration, are
handled by using statements based on the node number.
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Numerical Example
The parallel shooting method was used to solve for the rigorous

optimal solution of a guidance problem for the optimal ascent of
the Advanced Launch System.9'10 The vehicle consists of a core,
which contains three engines, and a booster, which contains seven
engines. The engines burn continuously throughout the trajectory.
The booster is separated when it runs out of fuel, which occurs at
153.54 s9. The final time is free. A spherical nonrotating Earth model
is used. The differential equations for the two-dimensional version
of the problem are given in Ref. 10. The lift and drag coefficients
used are also tabulated in Ref. 10 as functions of Mach number and
angle of attack. These data were interpolated using a combination of
polynomials and cubic splines. After separation, the vehicle flies at
hypersonic velocities, and the Mach number independence principle
is assumed to hold. As a result, the coefficients are functions of
the angle of attack only. The performance objectives are to maximize
the final mass and place the payload at the perigee of an 80 x 150-nm
transfer orbit. The Bulirsh-Stoer routine is used for integrating the
differential equations. The integration time dominates considerably
over the time required for linear algebra.

The first example presented uses the angle of attack as the control
variable. A state variable inequality constraint is placed on the dy-
namic pressure by limiting it to 650 lb/ft2. This is a first-order state
inequality constraint giving rise to jumps in the altitude and velocity
costates when the constraint becomes active. The entire trajectory
is divided into 16 subintervals with 12 being in the first stage and 4
in the second stage. Two subintervals are dedicated to the segment
of the trajectory where the inequality constraint is active. The ini-
tial guesses for the costates were obtained by solving the problem
without the inequality constraint.The second example uses the thrust
gimbal angle as the control variable instead of the angle of attack.
The dynamic pressure constraint is not active for this example. The
dependence of the aerodynamic coefficients on the angle of attack
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are neglected to simplify the problem. The trajectory is divided into
10 subintervals during the first stage and 6 during the second stage.
The initial guesses for the costates were the same as used for the
previous example.

Figure 1 shows the control variable histories for the two examples.
The inequality constraint is active for a short time, during the first
stage, when the angle of attack is used as the control variable, as
seen from Fig. 1. Figure 2 shows the Hamiltonian histories. The
Hamiltonians are zero in the second stage as the final time is free.
Figures 3 and 4 show the total computational and communication
times (four iterations each) and speedup performance as a function
of the number of processors for the two examples. Also included
in these figures are the central processing unit (CPU) times for the
same code to run on different serial computers. It is observed that
the computational time for the second example is much lower than
the first due to the elimination of the angle-of-attack dependency of
the aerodynamic coefficients.

Conclusions
Implementation of a parallel shooting method on a parallel com-

puter for solving a variety of optimal control and guidance problems
has been presented. It is observed that a speedup of nearly 7 to 1 is
achieved using 16 processors for the examples considered. Further
improvements in performance might be achievable by parallelizing
in the state domain.
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I. Introduction and Conclusions

T HE parameters in a trend, random walk, exponentially corre-
lated, and white noise Markov approximation to flicker noise

[—1 log-log power spectral density (PSD) slope1"3] are estimated
using maximum likelihood system identification. In addition, pa-
rameters for a fractional Brownian motion (ffim)4'5 model of flicker
noise plus trend or white noise are estimated using maximum like-
lihood gradient iterations, in contrast to previous work using brute
force search to estimate a single fBm parameter.6

II. Maximum Likelihood Estimation
Let ZN = [ z i , . . . , ZN]T be measurements at times t\,..., tN

with joint probability density p(i\ ot) dependent on parameters ot =
[«i , . . . , am]T. Let Adj = ctj — otjQ be adjustments from guesses
(XJQ towards the maximum likelihood estimates &J that minimize the
negative log likelihood f (ZN; a) = — In [p ( z N \ a)]. A Taylor series
expansion of the gradient of f (ZN\ ot) yields

/ = 1, . . . , m

(2)

7=1

dot;
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